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Anyonic excitations of hardcore anyons
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Strongly interacting many-body systems consisting of fermions or bosons can host exotic quasi-
particles with anyonic statistics. Here, we demonstrate that many-body systems of anyons can also
form anyonic quasi-particles. The charge and statistics of the emergent anyons can be different from
those of the original anyons.
I. INTRODUCTION
The contemporary literature provides many examples
of two-dimensional systems consisting of many interact-
ing bosons or fermions that have quasi-particle excita-
tions with unusual properties. These unusual properties
are, for example, that the quasi-particle excitations carry
a fractional charge, the existence of nontrivial ground
state degeneracies on topologically nontrivial surfaces
such as a torus and that the mutual statistics are nei-
ther bosonic nor fermionic, but of exotic type.1
Much work has already been done to investigate and
classify the different types of anyons that can appear in
bosonic and fermionic many-body systems.2–4 Creating
several anyons in a many-body system leads to a many-
body state of anyons. In the present work, we show that
the anyons themselves can give rise to anyonic quasi-
particles, and that the emerging anyons can have different
charge and statistics compared to the original anyons.
As a model system for the investigations, we consider
states that are related to the family of Laughlin states on
a lattice in the plane.5 The Laughlin states are charac-
terized by the Landau level filling factor 1/q. If q is odd,
the states describe fermions, if q is even, they describe
bosons, but if q is non-integer, they describe anyons. We
then show that anyonic quasi-particles can be added to
the states with non-integer q. Finally, we also find the
states on the torus by utilizing that the Laughlin states
on a lattice can be expressed as a conformal field theory
correlator.5,6
The paper is structured as follows. In Sec. II, we in-
troduce the anyonic wavefunctions that we investigate in
this work. In Sec. III, we demonstrate that the wavefunc-
tions support Abelian anyons and compute their charge
and braiding statistics. In Sec. IV, we provide the cor-
responding states on the torus for a particular case and
determine the degeneracy. Finally, Sec. V concludes the
paper.
II. MODEL
Our starting point is a family of Laughlin states on
a lattice in the complex plane.5 The lattice points are
at the positions (Re(zj), Im(zj)), j ∈ {1, 2, . . . , N}, and
each site can be either empty or occupied by one particle.
We use nj to denote the number of particles on site j.
The considered states take the form
|ψq〉 =
∑
n1,n2,...,nN
ψq|n1, n2, . . . , nN〉, (1)
where
ψq = C
−1 δn
∏
i<j
(zi − zj)
qninj
∏
i6=j
(zi − zj)
−ni . (2)
Here, C is a real normalization constant and δn is one if
there are
∑
i ni = N/q particles in the system and zero
otherwise. For integer q, the states (2) are the normal
Laughlin states except that both the particles and the
background charge are restricted to be on the specified
lattice sites.5
We can also express the states in the alternative form
ψq ∝ δn
∏
i<j
(Zi − Zj)
q
∏
{i,j|Zi 6=zj}
(Zi − zj)
−1, (3)
where Zj ∈ {z1, z2, . . . , zN} is the position of the jth
particle. From this expression, we observe that the wave-
function acquires a phase factor e2πiq if one of the parti-
cles is moved counter clockwise around one of the other
particles. The state hence describes fermions if q is odd,
hardcore bosons if q is even, and hardcore anyons if q is
non-integer.
III. ANYONS AND BRAIDING
For the normal Laughlin states with integer q, one can
add Q anyons of charge pj/q, with pj ∈ N, at the posi-
tions wj in the complex plane by introducing an extra
factor in the wavefunction and reducing the number of
particles accordingly:
ψq, ~w = C
−1
~w δn
∏
i,j
(wi − zj)
pinj
∏
i<j
(zi − zj)
qninj
×
∏
i6=j
(zi − zj)
−ni . (4)
Here, ~w = (w1, w2, . . . , wQ), C~w is a real normalization
constant, and δn = 1 for
∑N
j=1 nj = (N −
∑Q
j=1 pj)/q
2and δn = 0 otherwise. We now investigate what happens
if we do the same for the states with non-integer q.
We would like to determine the result of braiding the
coordinate wk around the coordinate wj . The Berry
phase7,8 acquired by the wave function when wk is moved
along the closed path c is
θk = i
∮
c
〈ψq, ~w |
∂ψq, ~w
∂wk
〉dwk + c.c.
= i
pk
2
∮
c
∑
i
〈ψq, ~w|ni|ψq, ~w〉
wk − zi
dwk + c.c., (5)
where c.c. is the complex conjugate of the first term. We
are interested in ∆θk = θk,in−θk,out, where θk,in (θk,out)
is the Berry phase when wj is well inside (outside) the
closed path c. We have
∆θk = i
pk
2
∮
c
∑
i
〈ni〉in − 〈ni〉out
wk − zi
dwk + c.c. (6)
In the normal Laughlin state at q = 3, the anyons are
screened, and hence the density of particles is only modi-
fied locally if anyons are present. If screening also ap-
plies to the state (4) for q non-integer, we have that
〈ni〉in − 〈ni〉out is nonzero only close to the two possible
positions of wj and is independent of wk. We can then
take 〈ni〉in − 〈ni〉out outside the integral, which leads to
∆θk = −2πpk
∑
i inside c
(〈ni〉in − 〈ni〉out). (7)
The sum is precisely minus the charge of the anyon at
position wj , and it follows that
∆θk = 2πpkpj/q. (8)
This is the same result as the Berry phase for the Laugh-
lin states, except that q is now a non-integer. We hence
conclude that the state (4) hosts anyons with charges
pj/q with pj ∈ N provided the state is screening, i.e.
provided 〈ni〉 for the state with anyons only differ from
〈ni〉 for the state without anyons in the vicinity of the
anyons. In Fig. 1, we show numerical results for q = 3/2
and q = 5/2, and we indeed observe screening.
IV. STATES ON THE TORUS
In this section, we specialize to the case q half integer
for simplicity. From (8), we observe that anyons for which
the value of pj differ by a multiple of q have the same
braiding properties. Since q is half integer, and pj is
integer, two possible values of pj cannot differ by an odd
number of q. The anyons found in the previous section
hence include 2q different types of anyons. These give
rise to 2q degenerate states on the torus, which we will
now find.
We define a torus from two vectors ω1 and ω2 in the
complex plane. Without loss of generality, we shall as-
sume that ω1 is a real, positive number and that ω2 has a
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FIG. 1. Three anyons of charge 2/3 in the model with q = 3/2
(upper plot) and five anyons of charge 2/5 in the model with
q = 5/2 (lower plot). The circles are the lattice sites, and the
stars mark the positions of the anyons. The color on each lat-
tice site is the difference in the expectation value of the num-
ber of particles on the site with and without anyons present
in the system, i.e. 〈ψq,~w|ni|ψq,~w〉 − 〈ψq|ni|ψq〉. The coloring
also shows minus the charge distribution of the anyons, and
the anyon charge can be computed by summing over the sites
in a small region around each anyon. The values obtained
this way agree with 2/3 for q = 3/2 and with 2/5 for q = 5/2.
positive imaginary part. We identify points in the com-
plex plane that differ by nω1 + mω2 for some choice of
integers n andm, which gives the periodicity. The modu-
lar parameter is defined as τ = ω2/ω1. We shall also find
it convenient to use the scaled coordinates ξj = zj/ω1 in
place of zj.
We obtain the states on the torus by utilizing that
the squared norm of the state (2) can be expressed as a
conformal field theory correlator.6,9 Specifically,
〈: ei(qn1−1)φ(z1,z¯1)/
√
q : · · · : ei(qnN−1)φ(zN ,z¯N )/
√
q :〉plane
∝ |ψq|
2, (9)
where : . . . : means normal ordering, φ(zj , z¯j) is the field
of a massless, free boson, z¯ is the complex conjugate of
z, and 〈. . .〉 is the vacuum expectation value in the con-
formal field theory. The states on the torus are then
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FIG. 2. Overlap 〈ψl|ψk〉 of the states on an L× L square lattice for q = 3/2 computed with Monte Carlo simulations, where
|ψl〉 ≡ |ψl/q+a,b〉 with a = b = 0 (upper left), a = 1/2, b = 0 (upper right), a = 0, b = 1/2 (lower left), and a = b = 1/2 (lower
right). The overlaps in the figure are scaled such that
∑q−1
l=0 〈ψl|ψl〉 = q. It is seen that the states |ψl〉 become orthogonal for
large L. The insets show the same data on a semi-log scale, and the lines are linear fits.
obtained by evaluating the conformal field theory corre-
lator on the torus rather than in the plane. On the torus
the correlator decomposes as
〈: ei(qn1−1)φ(z1,z¯1)/
√
q : · · · : ei(qnN−1)φ(zN ,z¯N )/
√
q :〉torus
∝
2q−1∑
l=0
∑
a∈{0,1/2}
∑
b∈{0,1/2}
|ψl/q+a,b|
2, (10)
and each of the ψl/q+a,b are considered to be a state on
the torus.
Following a derivation similar to the one in Ref. 9 for
integer q, we find explicitly
ψl/q+a,b = C
−1
l,a,b δn
∏
i<j
θ
[
1/2
1/2
]
(ξi − ξj , τ)
qninj
× θ
[
l/q + a
b
]
(ξ, qτ)
∏
i6=j
θ
[
1/2
1/2
]
(ξi − ξj , τ)
−ni (11)
where ξ ≡
∑N
i=1 ξi(qni − 1) and
θ
[a
b
]
(ξ, τ) ≡
∑
n∈Z
eiπτ(n+a)
2+2πi(n+a)(ξ+b) (12)
is the theta function. The possible values of a and b
correspond to different boundary conditions and should
hence be ignored when counting the number of states on
the torus. Provided the states are linearly independent,
we hence have 2q states on the torus.
To test whether the states are indeed independent, we
have done a Metropolis Monte Carlo simulation to de-
termine the overlap between the states for the case of
q = 3/2. Figure 2 shows the overlap as a function of
the system size for L×L lattices. The overlap is seen to
decay rapidly, indicating that the states are orthogonal
in the thermodynamic limit.
4V. CONCLUSION
We have found that systems of anyons can support the
formation of anyonic quasiparticles, and that the charge
and braiding properties of the emergent anyons can differ
from the properties of the original anyons. We have also
shown that Laughlin states with noninteger q provide
models of anyons, where these phenomena occur. Braid-
ing one of the original anyons around another one gives a
phase factor of e2πiq on the wavefunction, while braiding
one of the emergent anyons of charge pk/q around an-
other one of charge pj/q with pk and pj positive integers
gives a phase factor of ei2πpkpj/q on the wavefunction if
there is screening in the system. We have shown numer-
ically that screening occurs for q = 3/2 and q = 5/2.
Given the plasma analogy for the Laughlin wavefunc-
tions, we expect screening to occur for all q below a cer-
tain value (which is about 70 for continuous systems10).
The work motivates several further investigations. In
particular, it would be interesting to see which types
of anyons can be hosted by systems of various types
of non-Abelian anyons. It would also be interesting to
look for possible physical implementations and to inves-
tigate which implications the possibility to form anyons
of anyons have on which types of quantum gates can be
done within a given system.
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